SECOND ORDER CUMULANTS OF PRODUCTS 



JAMES A. MINGO(*), ROLAND SPEICHER(*)(t)^ AND EDWARD TAN(« 

Abstract. We derive a formula which expresses a second order 
cumulant whose entries are products as a sum of cumulants where 
the entries are single factors. This extends to the second order 
case the formula of Krawczyk and Speicher. We apply our result 
to the problem of calculating the second order cumulants of a semi- 
circular and Haar unitary operator. 



1. Introduction 

In a recent series of papers we have developed the notion of second 
order freeness [7j, [12], [21], [22], [23], [^- This was motivated by the 
need for a framework for recent work on the global fluctuations of the 
eigenvalues of ensembles of random matrices; see e.g. Ambj0rn, Ju- 
rkiewicz, and Makeenko [1], Anderson and Zeitouni [2], Bai and Silver- 
stein [3], Brezin and Zee [6], Diaconis [9], Johansson [T3], Khorunzhy, 
Khoruzhenko, and Pastur |15j . 

Free independence, or what we shall call first order freeness, was 
created by Voiculescu [23 [30] as an adaptation of the usual notion 
of independence to the non-commutative algebra of matrix valued (or 
more generally operator valued) random variables. The central object 
of Voiculescu's theory is called the i?-transform. For a random variable 
a, R{z) is a formal power series, which in most examples is an analytic 
function. The coefficients of R{z) are called the free cumulants of a. 

The salient feature of Voiculescu's theory is that given the moments 
of freely independent random variables, there is a universal rule for 
calculating the moments of sums and products of these random vari- 
ables. Second order freeness achieves for the fluctuation moments what 
first order freeness does for ordinary moments. Moreover for many of 
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the standard ensembles of random matrices, independent matrices are 
asymptotically free of second order, so the theory is quite widely ap- 
plicable. 

Speicher |26] developed a combinatorial approach to free cumulants 
based on the non-crossing partitions of Kreweras [18]. This enabled 
the theory to be used in many cases where analytic expressions could 
not be found. In particular in P^Tj, Krawczyk and Speicher found the 
free analogue of the formula of Leonov and Shiryaev [20] for calculating 
cumulants where the entries are products. In this paper we shall extend 
this result to the second order cumulants introduced in ffj. 

We begin by motivating the definition of second order cumulants. 
Let (y47v)7veN be a unitarily invariant ensemble of random matrices. By 
definition this means that the joint distribution of the entries of A at is 
the same as the joint distribution of the entries of U Aj^U* , where U is 
a. N X N unitary matrix. We shall say that the ensemble (AAr)ArgN has 
a second order limit distribution (c.f. 3.4]) if for all integers p and 
q the limit 

«,:=limlE(Tr(A^J) 
exists, and for Y^^p = Tr(y4^ — apljy), the limit 

ap,g := \im E(YN,pYN,q) 

exists, and for all r > 2 and pi, p2, ■ ■ ■ , Pr 

limfc.(Tr(A^^),...,Tr(A^O) = 

where kr is the r*'^ classical cumulant, or semi-invariant (see e.g. j2Uj). 
Elements of the sequence {<yp)p are the moments of the limiting distribu- 
tion. We shall call the elements of the sequence {ap^q)p,q the fluctuation 
moments of the limiting distribution. 

These two sequences of moments may be then used to define a second 
order non-commutative probability space on ^ = C[x], the polynomials 
in the variable x. By a second order non-commutative probability space 
we mean a triple {A, (p, (j)2) where ^ is a unital algebra over C, : ^ — > 
C is a tracial linear functional with 0(1) = 1, and (f)2 '■ -A. x A ^ 
is a symmetric bilinear function which is tracial in each variable and 
02(1, ct) = <p2{0'A) = for all a E A. Thus in our example we let 
(j){x^) = ap and (j)2{x^,x'^) = ap^q. 

In [7j we introduced the second order i?-transform, which is a formal 
power series in two variables: R{z,w) = ^p q>i i^p,qZ^~^w'^~^ . The co- 
efficients {Kp,q)p,q are called the second order cumulants of the second 
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order distribution and they depend on the first and second order mo- 
ments {ap)p and {ap q)p q according to the functional equation given in 

m p. 11]. 

(1) G{z, w) = G'{z)G\w)R{G{z), G{w)) + log ^^^'^ ~ ^^"^^ 



dzdw V z — w 
where 

G(z) = a„z~^ and G(z,w) = — a„qZ^'^w~'' 
z ^-^ zw ^-^ 

Equation ([T]) determines a sequence of equations relating the mo- 
ments and the cumulants known as the moment- cumulant relation. 
Below is a table giving the first few equations. 

"2,1 = 'tl,2 + 2Ki/ti,i + 2/t3 + 2/tiK2 
"2,2 = '^2,2 + 4Ki/t2,l + + 4/t4 + S^i/ta + 2/€2 + 4k^K2 

tti,3 = + 3fi;ifi;2,i + 3/t2Ki,i + 3k^Ki,i + 3^4 + 6ki/«3 + S/tg + 3k1k2 

«2,3 = «^2,3 + 2/tl/tl,3 + 3/ti/t2,2 + 3^2^1,2 + 9/tiKl,2 + 6/ti/t2/tl,l + GKi^Ki^i 

-|- + I8K1K4 + 12K2/t3 + 18/t^K3 + 12kik\ + Qk\k2 
«3,3 = 't3,3 + 6/tl/t2,3 + 6/t2/tl,3 + 6Ki/tl,3 + 9KiK2,2 + 18Kl/t2/tl,2 + 18KiKl,2 
+ Q/tgKi 1 + 18K^K2/tl,l + + 9^6 + 36/€i/€5 + 27K2/t4 + 54k^K4 

O q Q O O /I 

-|- 9/€3 + 72/s:iK2K3 + 36fi;;^fi;3 + 12/s:2 + 36/€;^/€2 + 9/€]^/€2 

We shall find it more convenient to use the combinatorial moment 
cumulant relation for second order cumulants given in [TJ Definition 
7.4]. 

Let us recall the combinatorial definition of free cumulants from 
[2H Lecture 11]. Suppose we have a sequence of multilinear func- 
tionals (/n)n with /„ : ^ x ■ ■ ■ x ^ ^ C being n-linear. We ex- 
tend this sequence to a family indexed by V{n), the partitions of 
[n] = {1, 2, 3, . . . , n} as follows, li V = {ii,...,ik} C [n] we let 
fv{ai, ...,an) = fk{ai^, ■ ■ • and if vr = {Vi, ... ,14} G V{n) we 

define 

(2) /^(ai, . . . ,a„) = /yj(ai,...,an)---/v,(ai,...,a„) 

We can now use this notation to define the free cumulants of a family 
of random variables {oi, 02, 03, ... } C {A, 0). Let NG{n) C V{n) be 
the subset of those partitions which are non-crossing [211 Lecture 9]. 
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Figure 1. In this example ni = 3, n2 = 2, 713 = 4, ns = 2, 
and uq = 1. ^5(010203, 0405, aQttiasag, aiQau, 012) will be the 
sum of Kcr(oi, . . . , ai2)'s where a runs over all a in NC (12) 
such that aV Tfi = I12 where = { (1,2,3), (4,5), (6,7,8,9), 
(10, 11), (12) }. This condition is equivalent to the 
requirement that the blocks of a separate the points of {3, 5, 9, 

n,T2}. 

Then we define multilinear functionals {K,r)r implicitly by the system 
of equations 

(3) 0(aia2 ■ ■ -fln) = ^ K^{ai,a2, . . . ,an) 

n&NC{n) 

Note that for each n this defines K„(ai, 02, . . . , a^) in terms of Kp(aj^, . . . , Oi^,) 
ioT p < n because k„ only occurs once in equation ([s]), when tt = 1„ = 
{1,2,. ..,n}. 

The theorem of Krawczyk and Speicher that we extend can now be 
stated. Let {A, 0) be a non-commutative probability space and ai, . . . , 

O^ni ) • • • ; '^ni+n2 5 • • • 5 '^niH hrip-i+l y ■ ■ ■ ■> '^raiH hrip be elements of 

Let = ai ■ ■ ■ am, ^2 = c^m+i ■ ■ ■ '^rM+n2 5 • • • 5 = '^niH — hnp-1+1 ■ ■ ■ 
a„j+...+„p. The problem is to compute Kp{Ai, A2, . . . , Ap) in terms of 
the cumulants K„{ai, . . . , an) where n = rii + n2 + ■ ■ ■ + Up. In [T7t 
Theorem 2.2] it is shown that 

(4) Kp{Ai, . . . , Ap) = ^ K^(ai, . . . ,an) 

aeNC{n) 

where the sum is over all non-crossing partitions a such that aVr^ = 1„ 
and Th = {(1, . . . , ni), (ni 1, . . . , ni + 112), . . . , (ni + ■ ■ ■ + ?2p_i + 
1, . . . , ni + ■ ■ ■ + np)} and 1„ = {(1, . . . , n)} (see Figure 1). 
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Figure 2. A non-crossing permutation of the (8,4)-annulus 
with cycles (1, 2, 12, 9, 8)(3, 4)(5, 10, 11)(6)(7). The same 
permutation redrawn with the circles side-by-side. 



The main result of this paper is to prove the analogous result for 
second order cumulants, viz. to write Kp^g{Ai, . . . , Ap^g) in terms of 
first and second order cumulants of (ai, . . . , a^). 

To describe the second order cumulants of a second order probability 
space {A,4>,(f)2) we need the second order equivalent of NC{n). The 
two parts to this extension are {i) the notion of a non-crossing annular 
permutation (see |2Ti §3] and [231 §2-2]) and (u) the notion of a non- 
crossing partitioned permutation (see |71 §4]). 

The non-crossing annular permutations, Sis[c{Pi<i)i were defined in 
pi] to be permutations vr in 5^+^, the symmetric group + g], which 
satisfy a geodesic condition. 

(5) #(7r) + #(7r-Sp,g) + #(7p,,) =p + q + 2 

where #(vr) denotes the number of cycles of vr and 7^^, is the permu- 
tation with the two cycles (1, 2, 3, . . . ,p)(p + 1, . . . ,p + g). The cycles 
of these permutations can be drawn as non-crossing blocks of a (p, q)- 
annulus (see Figure 2). 

The second notion that we need is that of a non-crossing partitioned 
permutation. The theory is developed in some generality in [71 §4] but 
we shall only need a particular case. Let tt be a permutation in S'„ and 
V = {Vi, V2, . . . , Vt} be a partition of [ri\. If each cycle of vr is contained 
in some block of V then we say that (V, vr) is a partitioned permutation. 
We will frequently write this informally as vr < V. 
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Figure 3. A non-crossing partitioned permutation (V, vr) 
where vr = (1, 2, 3)(4, 7)(5, 6)(8)(9, 12)(11, 12) and V = {Vi,V2, 
Vs, Va, V5} with Vi = (1, 2, 3, 9, 12), V2 = (4, 7), V3 = (5, 6), 
V4 = (8), and V5 = (10, 11). The block Vi contains two cycles 
of TT — this is indicated by the dotted line in the diagram; all 
other blocks of V contain only one cycle of vr. 

Definition 1. Let p and q be positive integers. Given vr G Snc{p,(i) 
we let 0,r be the partition of [p + q] where the blocks of V are exactly 
the cycles of vr. In this way we regard vr as the partitioned permutation 
(0^,7r). Given vr = tti x 7r2 G NC{p) x NC{q) and a partition V of 
[p + q] such that vr < V we shall say (V, n) G VSnc{p, i)' if all blocks, 
except one, of V contain only one cycle of tt and this exceptional block 
contains two cycles of vr - one of tti and one of 712- (See Figure 3.) We 
let VSmc{pa) = SNc{p,q)^VSNc{p,qy {c.f. [3 Definition 5.13]). 

Next we wish to extend the definition in equation (|2]) to the second 
order case. Suppose we have two sequences (/n)n and (/p,q)p,g of multi- 
linear functionals on a vector space with being r-linear and invariant 
under cyclic permutation of its arguments, and fp^q being p + g-linear 
and invariant under a cyclic permutation of the first p arguments or the 
last q arguments. Let (V, tt) be a partitioned permutation where each 
block of V contains either one or two cycles of vr. If is a block of V con- 
taining only one cycle (ii, ... ,2s) of vr then we define /y(ai, . . . , flp+g) 
to be /s(aj^, . . . , ttjj, as was done for equation ([T]). If V" contains two 
cycles (ii, . . . , ^s) and (ji, . . . ,jt) of tt then we define /v(ai, . • • , CLp+q) 
to be fs,t{o,ii, • • • 5 ctji, • • • 5 o,jt)- We then define 

(6) /(v,7r)(ai, • • • 
wheTeV = {V,,V2,...,Vi}. 

Definition 2. Let {A, 0, 02 ) be a second order probability space and 
(/€„)„ the first order cumulants given by equation (|3|. We define re- 
cursively second order cumulants (ftp,^)^,^ which will be multi-linear 
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functionals on A by the system of equations 

(7) 02(^1 ■■■ dp, Cp+i ■■■ Op+g) = K(v,7r)(ai, . . . , flp+g) 

{v,7T)evsNc{p,<i) 

In equation ([7| the term Kp^g{ai, . . . , Op+g) only occurs once: when 
V = Ip+g and vr = 7p^g where 7p_g is the permutation with two cycles 
{1,2, ... ,p){p+ 1, ... ,p + q). For all other (V, vr), «:(v,7r) is a product of 
K„'s and K^^s's with either r < p or s < q. 

It is usually convenient to write equation ([T]) as a sum with two 
terms: the first term only involves first order cumulants and the second 
term both orders of cumulants. Recall that VSnc{Pi1) = Snc{p,(i) U 
VSnc{p-, q)' and so 

02(^1 ■■■ Op, Op+i ••• ap_|_g) = K^{ai, . . . ,ap^g) 

7re5jvc(p.g) 

(8) + Yl 

'^(V,7r)(ai, • • • , CLp+g) 

{V,7T)€VSNc(p,qy 

To illustrate this definition let us work out the first few second order 
cumulants. When p = q = 1 equation ^ becomes 

02(a, b) = K2{a, b) + Ki,i(a, h) 

because there are two elements in VS NciX^ 1); the first is when (V, vr) = 
(I2, (1,2)) and the second when (V, tt) = (l2,(l)(2)). Here we are 
writing the permutations in cycle notation and I2 is the partition of [2] 
that has one block. By equation ([s]) K2{a,b) = (j){ab) — (j){a)(j){h) . So 
solving for Ki,i(a, b) we obtain that 

Ki_i(a, b) = 02(«, b) + (f){a)(j){b) — (f){ab) 

Let us next look at the case p = 2 and q = 1. There are four 
partitioned permutations (V, tt) with V = 0^. They are tti = (1,3,2), 
7r2 = (1,2,3), TTs = (1,3)(2) and 714 = (1)(2,3). These are the four 
non-crossing annular permutations of a (2, l)-annulus (see Figure 4). 

The contributions of these four diagrams is K3(ai, 6, a2)+K3(ai, 02, b) + 
K2{ai, 6)^1(02) + Ki(ai)K2(a2, b). 

There are three diagrams that involve second order cumulants; they 
correspond to the three partitioned permutations: (13,72,1), (Vi,e), 
and (V2,e), where I3 = ((1,2,3)), 72,1 = (1,2)(3), e = (1)(2)(3) is 
the identity permutation, Vi = {(1,3), (2)}, and V2 = {(1), (2,3)} (see 
Figure 5). 
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02 oa 

Figure 4. The four non-crossing permutations of a 
(2, l)-annulus. 

The contribution of these three diagrams is /t2,i(ai, a2,b) + ki i(ai, b) 
f^i{ci2) + t^i{0'i)i^i,i{0'2,b). Note that second order cumulants only ap- 
pear when a block of V connects two cycles of tt. Putting together all 
the terms we see that 



H2,i{ai,a2,b) = 02(aia2,&) - 0(ai)02(a2,&) - 0(02)02(01, 
- (j){aia2b) - (f){aiba2) + 20(ai)0(a26) 
+ 20(ai6)0(a2) + 20(aia2)0(&) 
-40(ai)0(a2)0(6) 

In [71 Definition 7.4] a general formula was given for writing any 
cumulant in terms of the moments using the higher order Mobius func- 
tion. We shall prefer to use equation (It]). 



In equation Q the condition on vr was that vr V = 1„. We shall 
show that this is equivalent to the condition that 7r"^7„ separates the 
points of = {ni, ni + n2, . . . , ni + • • • + n^}, i.e. that no two points 
of N lie in the same cycle of '7r~^7„. When we pass to the annular case 
this condition becomes that vr^^7p^g separates the points of A^. 

Theorem 3. Suppose rii, . . . , n^, n^+i, . . . , rir+s are positive integers, 
p = ni + ■ ■ ■ + Ur, q = rir+i + ■ ■ ■ + rir+s, and 

N = {ui, ni 77,2, . . . , ni H h n^+s} 
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Figure 5. The three diagrams that involve second order 
cumulants. 



Given a second order probability space {A, i 



Oi, . . . , cifii ; c^m+i) • • 
Let Ai = ai ■ ■ ■ , ■ ■ ■ , ^r+s 



and 



eA 



a, 



niH hrir+s-i+l ' ' ' "niH \-nr+ 



Then 



(9) Kr,s{Ai, . . . , Ar, Ar+l, . . . , Ar+s) = ^ '^(V,7r) (o-l , • • • , «p+<j) 

where the summation is over those (V, tt) G VS^cipA) such n^^'jp^q 
separates the points of N . 

In section 2 we shall present some preliminary results on non-crossing 
permutations needed for the proof of the main theorem, which will 
appear in section 3. In section 4 we will give some examples of how 
the theorem can be used and concluding remarks. 

2. PRELIMINARIES ON NON-CROSSING PERMUTATIONS 

In this section we shall recall the notation we shall need for the proof 
of the main theorem and translate the criterion of equation ^ into a 



criterion appropriate to the annular case: Proposition 25 



Notation 4. Let it E Sn and let #(vr) be the number of cycles in 
the cycle decomposition of n. Let 7„ = (1, 2, 3, . . . , n). We put the 
metric on Sn given by |7r| = d{e, n) = n — #(vr) where e is the identity 
permutation and d{TT,a) = (i(e,7r^V) = d{e,a7i~^). For tt G to be 
in NC{n) it is necessary and sufficient that 

#(7r) + #(7r-Sn) + #(7n)=n + 2 

which is equivalent to the condition in Biane |1] 



l7n| 
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In addition, Biane showed that for vr, cr G NC{n) the relation vr < cr is 
equivalent to the equation Ivrl + |7r^^(j| = |a|, where the relation vr < cr 
means that each cycle of vr is contained in some cycle of a. Recall 
that with this partial order NC{n) is a lattice; the supremum of two 
non-crossing permutations will be denoted vr V o". 

For vr G Sp+g to be in Snc{p, q) it is necessary and sufficient (see 
|21j ) that at least one cycle of vr connects the two cycles of 7^^^ and 

#(vr) + #(vr-Sp,g) + #(7p,,) =p + q + 2 

where •jp^g is the permutation with two cycles (1, 2, 3, . . . ,p){p+l, . . . ,p+ 
q). In terms of the metric this condition becomes |vr| + |vr~^7p^q| = 
|7p,g| + 2. In [7, §4.5] a general theory of length of a partitioned per- 
mutation is given. 

Let vr G S'n and N C [n] be a subset. If vr leaves N invariant 
we denote by vrj^v the restriction of vr to N . If vr does not leave N 
invariant we can still define a permutation on as follows. If p G 
and vr(p) ^ N then 7r|jv(p) = 7r'^(p) where k is the smallest integer such 
that Ti^-^{p) ^ N but vr^(p) G N. Let NC{N) denote the non-crossmg 
permutations of N where the points are in the same order as they are 
in [n\. If vr is in NC{n) then vr|iv is in NC{N), as a crossing for vr|Ar 
would also be a crossing for vr. 

Let p and q be positive integers and C [p + Q'] • Let Ni = N n [p] 
and N2 = Nn [p + l,p+q]. We denote by Snc{Ni, N2) the non-crossing 
annular permutations of arranged on an annulus with the points of 
A^i on the outer circle and the points of A'2 on the inner circle. 

Lemma 5. Given vr G Snc{p,(i), '^\n ^ Snc{Ni, N2) U {NC{p) x 
NCiq)). 

Proof. By [211 Equation 5.2] there are integers u and v such that vf = 
7X^7g""7p"" e NC{p + q). Let N = ^^YgiN). Then e NC{N) 
and Trl^v and vr|^ are conjugate. Thus vr|Ar G Snc{Ni, N2) U NC{p) x 
NC{q). □ 

Lemma 6. Let N he a subset of [n] and a, vr G Sn such that = i 
for i ^ N (and thus vr leaves N invariant). Then (o"vr)|iv = cr\Nn\]\f. 

Proof. Let m E N and suppose (cTvr)|Ar(m) = ((Tvr)'^(m). Then for 
1 <i < k, (T'{7i{m)) ^ N and a'=(vr(m)) G A^. Thus C7*|iv(7r(m)) ^ A^ 
for 1 < i < k and cr'^(7r(m)) G A^. Hence o"|Ar(vr(m)) = (o"vr)|Ar(m). 
Hence (tIat vr|Ar = ((Tvr)lAr. □ 

The next lemma is a special case of [TJ Proposition 4.10]. 
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Lemma 7. Suppose tt, a, and r are in Sn and |7r| + |7r a\ = \a\ and 

\a\ + |cr^-'-r| = |r|. Then \tt\ + |7r^"^r| = |r|. 

In [U Theorem 1] Biane showed that if a has only one cycle and 
|7r| + |vr~^cr| = \a\ then the cycles of vr form a non-crossing partition of 
a. We shall need the extension of this to the case where a has more 
than one cycle. 

Lemma 8. Suppose TT,a E Sn and \7i\ + |7r^^o"| = \a\. Then 

i) each cycle of tc is contained in some cycle of a, and 
a) for each cycle c of a the enclosed cycles ofn form a non- crossing 
partition of c. 

Proof. First let us show (i). Suppose that a and b are in the same cycle 
of TT. We must show that they are in the same cycle of a. If a and b 
are in the same cycle of vr then writing the transposition that switches 
a and b as (a, 6) we have + |(a,6)~"^7r| = |7r|. Thus by Lemma [t] 

I (a, 6) I + \ {a,b)^'^a\ = |cr|; hence a and b are in the same cycle of a. 

Let us show that (ii) then follows from Theorem 1]. 

Write a = C\C2 ■ ■ ■ Cfc as a product of cycles and let tTj be the product 
of cycles of tt contained in the cycle q. For each i we have \ci\ < 
K*l + Thus 

= |ci| H h |cfc| < IttiI H h IvTfcl 

+ |7rf ^ci| H + \TT^^Ck\ = \tt\ + |7r"V| = \a\ 

Thus for each i we must have equality in the inequality |cj| < |7rj| + 
|7rj"^Cj|. Hence (ii). □ 

Definition 9. (z) Let rii, n2, . . . , be positive integers and n = n-i + 
^2 + ' ■ ■+^r- Given a permutation tt G Sr we shall define a permutation 
TCfi G Sn as follows. Let = {ni,ni + n2, . . . , ni + ^2 + ■ ■ ■ + Ur}. For 

i ^ let TTft{i) = i + l and 7r^(ni H \- Uk) = rii -\ h ?^7r(fc)-i + 1- 

(ii) Let r be the partition of [r] in which all blocks are singletons. 

This definition may be illustrated as follows. First = {Ti,T2, . . . , 
Tr} where is the cycle (ni + ■ ■ ■ + + 1, ni + ■ ■ ■ + + 2, . . . , rii + 
■ ■ ■ + rij). TT^ takes the last element of Tj to the first element of T.,^{i), 
elements not in N are increased by 1. If V is a partition of [r], we let 

= VV TH. 

Example 10. Let = 2, n2 = 3, rig = 4 and vr = (1,3)(2). Then 
= (1,2,6,7,8,9)(3,4,5) (see Figure 6.). 
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Figure 6. tt £ S3 and vr^ G Sg 



Remark 11. Since tt^j takes the last element of Tj to the first clement 
of T-!r{i), TT^^ takes the first element of Tj to the last element of Tjr-i(i). 
Thus 



i i^N 

ni H h ?^7r-i(i+i) i = ni H \-nj 



This last case can also be written 7r-^7„(ni + • • • + rij) — rii -\- • ■ • -\- 

Lemma 12. Let : [r] — > [n] &e defined by — ni-\ hrij. Then 

a) TT e NC{r) if and only if it a G NC{n) 

Proof. Part (i) follows from the previous remark. #(7r) = #(7rfi) and 
M'^H^ln) = #(7r"Vr-) + n - r, by part (i). Thus 

#(^n) + #fe'7n) + #(7n) = #(7r) + #(7rrS.) + #(7r) +n-r 

Hence #(7r^) + #(7rTSn) + #(7n) = n + 2 if and only if #(7r) + 
#(7r-V) + #(7r)=r + 2 □ 

Lemma 13. Let T,a,j& NC{n) with r, cr < 7. Then r < (t~^^ if and 
only if a < 7r~"^. 

Proof. If r < (T~^7 then |r| + |r~^(7~^7| = |(7~^7|. Since cr < 7 we also 
have \a\ + |cr~-^7| = |7|. Thus 

\a\ + \a~^'yT^^\ = — \o'~^'j\ + |r~"^(7~"^7| 
= I7I - |o-~Sl + — kl 

= I7I - kl = |7'r"^| 

and therefore a < ^t~^. 
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If cr < 7r ^ then |cr| + |cr ^JT ^\ = Ijt also |r| + |r "^7! 
Thus 



|r| + |r = — \'JT ^\ + |cr '^'Jt 



(J 



= I7I — I'jr + |7r """I 
= |cr~"^7| = |cT~"^7| 
which shows that r < a^^^. □ 



Lemma 14. For a G NC{n), a\jTf^ = 7„ if and only if a ^7„ separates 
the points of N 

Proof. We have T^"'^7n(^i + ■ ■ ■ + n^) = ni + ■ ■ ■ + rifc+i and thus for 
r s & N, (r, s) < TZ^^'jn and thus by the lemma above, < 'jn{r, s). 
Hence, if r ^ s ^ N are in the same cycle of o"~^7„ then by the lemma 
above a < 'jnir, s) and hence a\/ Tfi < inij", s). 

Conversely if a V Xfj < 7„ then there must he r ^ s & N such that 
ci y Tfi < ■jni^, s), as partitions of the form 'jn{r, s) with r ^ s E N are 
the most general partitions with two blocks, each of which is a union of 
Tj's. In this case (r, s) < cr~^'jn and 0"~^7„ fails to separate the points 
of A^. □ 

Theorem 15. For a G NC{n) with a < tth we have that a V Tfi = TCft 
if and only if a^^iTfi separates the points of N. 

Proof. Let the cycle decomposition of vr be Ci C2 ■ ■ ■ c^. Then the cycle 
decomposition of tt^ is Ci C2 ■ ■ ■ where Cj = (cj)^. Let (Tj be the 
restriction of a to the invariant subset consisting of the points of the 
cycle Ci] and similarly let be the restriction of to the same invariant 
subset. Thus a V = vr^ if and only if for each i we have ai\/ Ti = Ci, 
and by the previous lemma we have that aiM = Ci for each i if and 
only if for each i, a^^Ci separates the points of N Ci Ci. Since for each 
i, TTfi, a, and leave q invariant, we have that o"~^7r^ separates the 
points of n Cj for each i if and only if cr'^vr^ separates the points of 
N. □ 

Remark 16. The condition that cr~^7„ separates the points of can 
be rephrased as saying that any two points in the same cycle of T^^'jn 
must be in different cycles of cr~^7r^. 

Definition 17. Let vr, cr G SNc{p,q)- Suppose that each cycle of n 
is contained in some cycle of cr and for each cycle c of cr the enclosed 
cycles of vr form a non-crossing partition of c. Then we write ir < a. 
By Lemma [s] this relation extends to Siycip, 1) usual partial order 
on NC (n) given by inclusion of blocks. 
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Remark 18. We can rephrase the definition above using our metric d. 
Write the cycles of vr as ci C2 ■ ■ ■ Q and denote the restriction of vr to 
Ci by TTj. Then we have 

#(7r,) + #(7r-^Q) + = ki + 2 

where ki is the length of the cycle Ck- If we sum over i we get 

#(7r) + #(7r-V) + #(a)=p + g + 2/ 

which can be rewritten |7r| + |7r^^a| = |cr| (c.f. [TJ Definition 4.9]). That 
the relation < is transitive follows from [71 Proposition 4.10], or in this 
simple case can be checked directly. 



Moreover, we can extend the Definition 17 as follows. Suppose that 
TT e Sp+g, a G S]yc{p, q) and each cycle of n is contained in a cycle of 
a and for each cycle of a the enclosed cycles of vr form a non-crossing 
permutation of this cycle of a. By [211 Equation 5.2] there are integers u 
and V such that a = 7p7gC77~''7~" e NC{p+q). Let vr = 7p7gVr7~''7~". 
Then each cycle of tt is contained in a cycle of a and for each cycle of 
a the enclosed cycles of vr form a non-crossing partition. Thus vf is 
non-crossing and n < a. Hence vr G {NC{p) x NC{q)) U Sj\fc{p,q)- 
This discussion shows that the partial order < could also have been 
defined as 

i) each cycle of vr is contained in some cycle of a; and 

ii) whenever we have integers u and v such that 7p7gO"7~''7p " G 
NC{p + g) we also have 7p7g7r7~''7~" G NC{p + g). 

Lemma 19. Suppose tt, a G Sj\fc{p,q) with vr < cr^^7pg. T/ien a < 
7p,#"^- 

Proof. Since 7r,cr G Snc{p,(i) we have |7r| + |7r~-'^7p_g| = |7p^g| + 2 and 
|cr| + |cr^"'"7p,g| = |7p,g| + 2. By hypothesis we have |7r| + \'^~^o'~^'yp^q\ = 
W^^lp,q\- Thus 



kl + W ^lp,q'^ ^1 = l7p,gl + 2 - |o- Sp^gl + |cr Sp, 



91 



TT 



|7mI + 2 - |7r| = [tt ^7p,g| = |7p,q7r ^' 



□ 



In [3 Definition 4.9] we defined a product for partitioned permu- 
tations which we shall recall here. If V is a partition of [n] then 
|V| = n — 7^(V) where #(V) is the number of blocks of V. If (V, vr) 
is a partitioned permutation then |(V,7r)| = 2|V| — |7r|. If (V, vr) 
and (W, 0") are partitioned permutations then they have a product if 
I (V, vr) I + I (W, a) I = I ( VV W, vra) | and we write this as (V, vr) • (W, a) = 
(V V U, na); otherwise the product is not defined. 
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If (T G Sp-^^q and a has a cycle that connects the two cycles of 7p,g 
then a G Snc{p,<i) if and only if |cr| + |cr~^7p^g| = {■jp^ql + 2. In terms 
of partitioned permutations this means (Oo-,o") ■ (Oo-i^p^, (T~^7p^q) = 
(lp+g,7p^g), as requiring Ip+g = Oo- V Oo-i^^^ means that a has a cycle 
that connects the two cycles of •jp^q. 

Lemma 20. Suppose that vr G NC{p) x NC{q) and a G Sjycip, l) with 
TT < a"^^7p^q. r/ien 

(0^,(t) ■ (0^-i^p^^^-i,a"Sp,g7r"^) = (a V7p,g7r"\7p,g7r"^) 

Proof. Since tt < cr^^'^p^q we have |7r| + |7r^-'^(j^^7p^ ,j| = |cr~^7pg|. Since 
TT G NC{p) X NC{q) we have |7r| + |7r^-'^7p ,j| = |7p^g| and since cr G 
SNcip,q) we have |cr| + |cr"^7p,g| = |7p,g| + 2. Thus 

|(0^,cr)| + |(0^-i^j,.,^-i,o-"Sp,g7r"^)| = |o-| + |o-"Sp,g7r"^| 

= |7p,q| + 2 - |(T~Sp,gl + W~'^lp,q\ - kl = bp.gTT^^I + 2 

also 



|(aV7p,q7r \7p,g7r ^)| = 2|a V 7p,g7r ^| - |7p, 



TT 



so we must show that |o"V7p^g7r~^| = |7p_q7r~-'^| + l i.e that aV'-fp^qir'^ joins 
two cycles of 'jp^qir^^ and the cycles lie on different circles. To achieve 
this we shall show that if we write vr = tti x 772 G NC{p) x NC{q) then 
all through cycles of a meet only one cycle of 7pVr]~^. 

Indeed, suppose that two cycles c and c' of 7pVrj"^ meet through blocks 
of a. Let a, 6 G c be respectively the first and last elements of c (since 
the cycles do not cross this is well defined). Then a and b are in the 
same cycle of •jp^qir'^. Thus (7j^g(a),&) < tt < cr^^7p,g- Hence either 
i) as a partition (7 < {{a,-fp^q{a), . . . ,b,p+l, . . . ,p+q), {jp^q{b), . . . , 
7m(«))} 

a) as a partition a < {(a, 7p,,(a), . . . , 6), (7p,g(6), . . . , 7-^(0),^ + 
l,...,p + q)} 

depending on whether the through blocks of a meet the cyclic interval 
(a, . . . , 6) or the cyclic interval {'Jp,q{b), . . . , 7j^g(a)). Since c C (a, b) 
and c' C (7p_g(6), . . . , 7j^g(a)) it is impossible for both c and c' to meet 
thorough blocks of a. □ 



Corollary 21. Given the hypotheses of Lemma 20_ we have 

i) every cycle of a, which is not a through cycle, is contained in 

a cycle of 'jp^qTr^^ ; 
a) there are two cycles of 'jp^qTf^^, one from each circle, and all 
the through cycles of a are contained in the union of these two 
cycles; 
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IT 





ITS 



Figure 7. vr = (1, 2, 6)(3)(4)(5, 6) G Snc{5,2), all rii's equal 
to 3, and vr^ = (1, 2, 3, 4, 5, 6, 19, 20, 21)(7, 8, 9)(10, 11, 12)(13, 
14,15,16,17,18). 

Hi) for each cycle of jp^gn^^ that does not meet a through cycle of 
a the enclosed cycles of a form a non-crossing permutation of 
this cycle of'jp^qii'^; 

iv) the through cycles of a form a non-crossing annular permuta- 
tion of the union of the two cycles of ■jp^qTi'^ in (ii) above. 

Notation 22. Let rii, 7x2, • • • , n^+s be positive integers and let p = ni + 

n2^ Vrir and q = n^+iH hn^+s. Let = {ni, ni+n2, . . . , niH h 

Ur+s}- Given vr G Sr+s we define tt^; G Sp+q as was done in Definition [9] 

foii^N TCft{i) = i + l and 7r^(ni H \-nk) = ni H h ?^7r(fc)-i + 1 = 

niH hn^-_i^^(^,) + l. Then 7rTSp,g('^iH ^'^fc) = ^iH \-n^-i^^^^(k)- 

Lemma 23. If n E SNc{f^,s) then Tift G Snc{p,(i)- 

Proof. Let jjr + s] — > [p + g] be given by tpli) = ni + ■ ■ ■ + rij. Then 
as in Lemma 12 we have V'^~"^7r,s = '^^^lp,q'P- Thus 

#(7rs) + #(7r.Sp,g) + #(7p,</) 
= #W + #(7r-V,.)+p + g-( 



s) + #(7r-,s) =P + g + 2 



□ 



Proposition 24. Lei vr G 5'Arc'(r, s) and 7r,t G Snc{Pi1)- cr G Sp+g 
is sttc/i i/iai 

z) each cycle of a is contained in some cycle of Hfi; 
ii) for each cycle ofna the enclosed cycles of a form a non-crossing 

permutation (see Figure 8); and 
Hi) for each cycle Ci of tt^ we have aiM Ti = Ci, where ai and Ti are 
the respective restrictions of a and Tfi to Ci, 
then a G Snc{p,<i) (^''^d o"~^vr^ separates the points of N. 
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Figure 8. A cycle of a non-crossing annular permutation vr 
and, in dotted lines, the enclosed cycles of a o" with cr < vr. 



Proof. From the remark above a G {NC{p) x NC{q)) U Snc{Pi<1)- 
From the theorem above o"~^7r^ separates the points of N . Since vr has 
a through block (i.e. a cycle that connects the two circles) there are 
^1; h ^ P and k2, h > P all in the same cycle of vr, so that Tr{ki) = li 
and 7r(A;2) = Then 7r^(ni + ■ ■ ■ + n^J = rii + ■ ■ -rii^^i + 1 and 
T^niP'i + - ■ '+^^2) = + - ■ ■ ^i2-i + l- Let Cj be the cycle of tt^ containing 
ni + cdotsTij.^ and hence ni + ■ ■ ■ n^^- Since (T~^Cj separates the points 
of n Q, ni H h nfc^ and ni H h must be in different cycles of 



hence by Lemma 13, CTj ^ ciirii + ■ ■ ■ -1-^^^, ni H hn^J = (ii(i2 

where the points on the cycle di are contained in [p\ and those of ^2 in 
[p + 1, p + g] = + 1, . . . , p + g}. Thus (Tj has a through block, and so 

aeSNc{p,q)- □ 

Our last step in this section is to translate the criterion of equation 
^ to the annular case. We suppose we have ai, . . . , Op+g G A and we 

let Ai = Oi ■ ■ ■ ttni, ■ ■ ■ Ar+s = Clni-\ hn^+s-i+l ' ' ' C^niH h^r+s • 

Proposition 25. Lei tt G SNc{r,s) and vr^ G Snc{p,(i)- Then 

Kn{Ai, . . . ,Ar+s) = ^ K^(ai, . . . ,ap+g) 
o-6Sjvc(P.i3) 

where the sum is over all a such that (J^^nn separates the points of N . 

Proof. Let C1C2 ■ ■ ■ Ck be the cycle decomposition of tt and C1C2 ■ ■ ■ Ck 
the corresponding cycle decomposition of vr^, as in the proof of Theorem 
15 Using the notation of equation ^ 



I^Tr{Ai, . . . , Ar^s) — l^ci{Ai, . . . , Af^s) ' ' ' ^Cfe(^l) • • • ; ^r+s) 
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By equation Q 

KcXA, ■ ■ ■,A+s) = ^ ^CTi {Ol, . . . , flp+g) 

where cTj runs over all non-crossing partitions of the point set of the 



cycle Ci such that aiW ti = Ci (using the notation of Theorem 15), or 
equivalently that cr~^Cj separates the points of fl Cj. Thus 

I^Tri^y • • • ; ^r+s) = ^ ^ ■ ■ ■ ^ ^ l^ai (^l, . . . , Clp+q) " " " /^crj, (O-l, • • • , Q-p+ij) 
f 1 ffe 

where for each i, (jj runs over the non-crossing partitions of Cj such that 
(J~^Ci separates the points of fl Cj. Multiplying the CTj's together we 



obtain all the ex's satisfying the hypotheses of Proposition 24 Thus 
the sum is over all a G Snc{p, q) such that a^^TCft separates the points 
of A^. □ 

3. PROOF OF THE MAIN THEOREM 

Throughout this section we shall assume that we are given positive 
integers ni, n2, . . . , n^+s and elements oi, . . . , a„^+...+„^_^^ G A, where 
{A, 0, 02) is a second order non-commutative probability space. We 
let = {ni,ni + n2, . . . , ni + ■ ■ ■ + n^+s}, p = ni + ■ ■ ■ + rir, q = 
rir+i H h rir+s, and A^i = [p]nN and N2 = N H [p + l,p + q]. We 

let = Cli ■ ■ ■ drii) ■ ■ ■ 1 -^r+s ~ dni-\ hrir+s-i+l ' ' ' '^niH hrtr+s • 

We shall prove Theorem |3] by induction on (r, s). So to begin let us 
prove the theorem when r = s = 1. 

Lemma 26. 

>^l,l{di ■ ■ ■ dp, ap^l ■ ■ ■ Qp^g) = ^ ] Ka-{di, . . . , ttp^q) 

o-e5ivc{p.9) 

where in the first sum a is such that p and p + q are in different cycles 
of a'^jp^q and in the second sum (U,a) runs over VSNcij>il)' ■ 

Proof. We have two expressions for 02 («i ■ ■ ■ Op, c^p+i ■ ■ ■ «p+g)- The first 



IS 

02(ai ■ ■ ■ ttp, Op+i ■ ■ ■ ttp+g) = fi;o-(ai, . . . , Op+g 

o-e5]vc(p,'/) 

l^{U,a)iai, . . . , Op+q) 
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and the second is 

02 (ai ■ ■ ■ ap, Op+i ■ ■ ■ ttp+q) = /€2(ai ■ ■ ■ Op, Op+i ■ ■ ■ Ctp+g) 

ftp, Ctp^i ' ' ' dp^qj 

Combining these two with equation Q we have 

(10) fi;i,i(ai ■ ■ ■ ftp, ttp+i ■ ■ ■ ttp+g) = Ko-{ai, . . . , ap+g) 

- ^ Hcrjai, ■ ■ ■ ap+q) + H(u,a){ai, ■ ■ ■ 



1 (^p+qj 



aeNCip+q) {U,u) 



where the second sum, by Lemma 14 , is over a G NC {p + q) such that 



p and p + q are in different cycles of (j~^7p+g. 

Now each a G NC{p + g) such that p and p + g are in different 
cycles of cr~^7p+g must have a through block by Lemma [l3| (i.e. a block 
connecting a point in [p] to one in [p+1, p+q]) and thus by~[2l| Equation 
5.2] is a also a non-crossing (p, g)-annular permutation. Finally since 
o'~^lp,q = <^~^lp+q{p,P + we have that p and p + g are in the same 
cycle of cr~^7p,q. Hence the a's in the second sum are exactly those 
in Snc{p,<i) ioT which p and p + q are in the same cycle of cr~^7p,q. 
Removing these from the first sum we are left with the a's for which p 
and p + q are in different cycles of o"~^7p,g- 

Note that for the term 

f^(U,a){ai, ■ ■ ■ , 0.p+q) 

(T = o"i X o"2 G NC{p) X NC{q) so that the condition that p and p+q are 
in different cycles of cr~^7p^g = cr^^jp x o"27(, is automatically satisfied. 

□ 

In order to give an inductive proof of our main theorem we shall need 
an extension of its statement to the case of partitioned permutations. 



Lemma 27. Suppose that Equation holds for r' < r and s' < s. 

Then for (V, vr) G VSNcij, s)' we have 

'^<^SNc{p,q) {u,<^) 

where the first sum is over all a's such that cr < (i.e. each cycle 
of a is contained in a block of Vfi) and o"~^7r^ separates the points of 
N, and the second sum is over all (U,a) such that U <Vfi and a'^na 
separates the points of N . 
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Proof. Let us write vr as a product of cycles: ci ■ ■ ■ Ckc'c" where the 
cycles ci, . . . , Cfc are the cycles of vr that are the only cycle in the block 
of V that contains them and c' and c" are the two cycles of vr that lie 
in a single block of V. Let Ic'uc" be this block of V that contains the 
two cycles c' and c". Then by Equation ^ 

^(V,7r)(^l) • • • 5 ^r+s) = ^ci(^l; • • • ; ^r+a) ' ' ' f^Cki^ly • • • 5 ^r+s) 

= ^ ] Ko--^(ai, . . . , ap_|_q) ■ ■ ■ Ko-j.(c('l, • • • , Clp+g) 
cri,...,(Tfc 

X I ^ l^aoiai, • • • , flp+g) + ^ ^(Wo,f7O0)('^l5 • • • 5 

where cxj runs over NC{ci) such that separates the points of 

n Ci] (To runs over Snc{c', c") such that aQ^c'c" separates the points 
of n Ic'uc"; and (Wo,croo) runs over VSnc{c' ,c") such that a^Qc'c" 
separates the points of fl Ic'uc"- The product aoai ■ ■ ■ (Xk thus runs 
over a G Snc{p,(i) such that cr~V^ separates the points of and 
c" < V^- The product (Uq, o"oo)cri ■ ■ ■ cTk runs over (U, a) G P5 Arc(P) qY 
such that a^^7r,t separates the points of A^ and U < V^. This proves 
our assertion. □ 

In the next lemma we consider a G S]\fc{p, q) such that cr'^jp^g fails 
to separate the points of A^, we wish to determine vr G SNc{f^, s) such 
that TTfi will behave like the supremum of a and in that with respect 
to TT-a, a will satisfy the three conditions of Proposition [24{ 



Lemma 28. Let a G Sj\fc{p,q) be such that cr'^jp^q has a cycle that 
meets both Ni = N (1 [n] and N2 = N (1 [p + l,p + q]. Then there 
is a unique tt G SNc{r,s) such that relative to it, a satisfies the three 
conditions of Proposition \24\ 

Proof. Let us first deal with uniqueness. Suppose vr G Sj\fc{r, s) is 
such that a^^TTfi separates the points of A^. Then (o"^^7r^)|Af = idN 
and for i ^ N, '^^^lp,q{i) = i- Thus by Lemma pi {a~^'yp^q)\N = 
(cr"V^)|Ar ■ (vr^Sp,<?)l^ = (7r^Sp,g)k- Since vr^Sp,?^ = ip7i~^7r,s by 
Lemma 23, vr is uniquely determined by (cr~^7p,q)|Ar. 



To show existence consider {a ^7p,g)|Ar. By Lemma [6| (cr ^'-fp^q)\N G 
Snc{Ni,N2) U (A^C(A^i) X NC{N2)). By assumption, a'^^g has a 
cycle meeting both Ni and N2; thus (cr~^7p^q)|7v G S]yc{Ni, N2). Then 
there is vr G S^dr, s) such that ip'7i~^'jr,s'4^~^ = {o'~^1p,g)\N- 

Now 7rZ^'jp,g{i) = i for i ^ N and vrr^7p_g|^ = a'^'jpj^ together 
imply that T^^^lp,q < o'^^1p,q and thus by Lemma 19 



a < TTfi and 
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Figure 9. Shown is a G Snc{^8,9) in the upper left, a^^jis,9 
in the upper right. In the lower left we have vr~^76,3 and the 
lower right we have vr E S'7vc(6,3). tt^j is shown overleaf. Note 
that when = {3, 6, 9, 12, 15, 18, 21, 24, 27}, a satisfies the 



hypotheses of Lemma 28 for example 6 and 24 are in the 



same cycle of a 7i8,9|jv. The resulting vr 
the same cycle and thus vr E S'ivc'(6,3). 



76,3 



has 2 and 8 in 



the cycles of a form a non-crossing partition of those of tt^. Finally 
by applying Lemma 14 to each cycle of vr^ we obtain that the three 
conditions of Proposition [24] are satisfied. See Figure 9. □ 



Lemma 29. Suppose that a G SNciP^Q) ^■^ such that a ^'^p^q does not 
separate the points of N but no cycle of a'^'jp^q meets both Ni and 
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Then there is a unique (V, vr) G VSNci'f', s) such that = a V and 
cr^^TTfi separates the points of N. 

Proof. Let us first deal with uniqueness. Vh is determined by the equa- 
tion Vf{ = a\/Tfi. If a~'^Ti separates the points of N then cr~-'^7r^|7v = idN- 
Also T^^^lp,q is the identity on A^"^, thus by Lemma [g] cr~^7p ,j|Ar = 
(y'^T^n\N ■ vr,^Sp,<?U = T^H^lp^qU- Aud sluce T^^^lp^qi) = iprc-'^7r,s we 
see that vr is uniquely determined. 

Secondly let us prove existence. Let us denote by A^C(A'i) and 
NC{N2) respectively the non-crossing partitions of A^i and N2 where 
the order is that determined by 7^,^. Similarly Snc{Ni, N2) denotes the 
non-crossing annular permutations on A^i U A^2, again with the order 
determined by 7^,^. 

By Lemma [5} 

cr-\jN e Snc{NuN2) U {NC{N^) x NCiN^)) 

By assumption no cycle a^^'^p^qlN nieets both A"! and N2, so cr^^Jp,q\N ^ 
NC{Ni) X NC{N2). Thus there is vr G NC{r) x NC{s) such that 
ip7i-^'jr,si'~^ = ct'^IpJn, and thus o-^7p,,|7v = T^H^lp,q\N- By Lemma 
|6| cr^-'^Tr^lAr = idN, so cr""*^?!^ Separates the points of A^. 

Recall that 7r^"^7p,g(0 = i ioi i ^ N and 7i~^'yp,q\N = cr"^7p,g|iv thus 



7rr^7p q < cr~^7p^g, and so by Corollary 21, a V vr^ is obtained from the 
cycles of vr^ by joining the two cycles of vr^, one from each circle, that 
meet the through cycles of a. To complete the proof we must show 
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that (T V = (T V vr^, for this we must show that TCft < a W Tfi i.e. that 
any two blocks of connected by vr^ are connected by a. 

Let c be a cycle of vr^ not meeting a through cycle of a and let a the 
product of the cycles of a enclosed by c. Then a~^c separates the points 
of in c and so by Lemma 14 any two blocks of t.^ in c connected by 
c are connected by a. 

Now let c and c' be the two cycles (one in each cycle of 7^^^) that 
meet the through cycles of a and let a be the product of the cycles 
of a enclosed by c U c' and the same for f. Now we must show that 
(T V f = c U c'. If not, then there would he r s E N such that 
(r, s) < d^^cd in which case r and s are in the same cycle of cr^^vr^ 
contrary to our hypothesis. Hence a M Tfi = tt^. □ 



Proof of Theorem 3: Let us write 02 (^1 ■ ■ ■ ^r, ^r+i ■ ■ ■ ^r+s) two dif- 
ferent ways: 



(j)2{Ai- ■ ■ Ar,Ar+l- ■ ■ Ar+s) = ^ K^{Ai, . . . , Ar+s) 

TreSjvc 

+ ^ K(y^^){Ai, . . . ,Ar+s) 

= ^ ] /t7r(^l, . . • , ^r+s) 

+ ^ '^{V,tt){Ai, . . . ,Ar+s) 

{V,7t)€VSnc{p,q)" 
+ Kr^s{Ai, . . . , 

where VSNc{r, s)" = VSNc{r, s)' \ {{Ir+s, lr,s)}- Also 

02(^1 ■■■ Ar, Ar+l ■ ■ ■ Ar+s) = 02(ai " " " Op, Op+i • • • Op+g) 

= fi;7r(ai, . . . , ttp+q) 

7reS'jvc(p,'?) 

+ ^ K(v,7r)(ai, • • • 

(V,7r)e7'5ivc(p,g)' 
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Figure 11. Shown is a G Snc{^8,9) in the upper left, cr~^7i8,9 in the 
upper right. In the lower left we have vr~^76,3 and the lower right we 
have vr G Sat (7(6, 3). vr,^ is shown overleaf. Note that when 

= {3, 6, 9, 12, 15, 18, 21, 24, 27}, a satisfies the hypotheses of Lemma 
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for example 3 and 6 are in the same cycle of a ^718,9] at- The 



resulting vr ^76,3 has 1 and 2 in the same cycle. 
Now solving for K,r,s{^i, ■ ■ ■ , ^r+s) "we have 

o-e5jvc(p,g) 

— ^ ^ Ktj(^Ai, . . . , 



r+s 



'«(V,7r)(ai5 • • • 5 Ctp+g) 
(V,7r)eP-Sjvc{p,'?) 

'^(V,7r)(^l, • • • , 



(V,7r)eP5jvc(n^)" 
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1 s a 




Figure 12. a (left) from Figure 11 is compared with the 

TTfi e NC{18) X NC(9) produced by Lemma 29 The two cycles of vr^ 

that meet through cycles of a are shown connected by dotted lines. 



Now by Proposition 25 



K(j(^ai, . . . , Clp+q) 



■n-&SNc(r,s) 



a-~^iTfi sep.'s 



If TT G SNci^y ^) cr'^Tifi separates the points of then cj~^7p^g|7v = 
Tc^^'^p^qlN by Lemma |6] and vi^7p,g has a cycle that meets both Ni and 
A^2- Conversely by Lemma 28 if cr G Snc{p,(i) is such that cr~"'^7p,g|Ar 
has a cycle that meets both A^i and A^2 then a comes from a unique 
71 G Snc{i^,s). Thus 



Ko-(ai, . . . , Op+g) 

o-e5ivc(p.ij) 



/to-(^Cll, . . . , 

CT^^TT^ sep.'s A' 
~ '^(t(cH, • • • , Ctp+q) 

f~"'"7p,ij sep.'s N 



To conclude the proof we use induction on r and s. In Lemma 26 



we 



have proved equation ^ when r = s = 1. We can apply the induction 
hypothesis to VS^ciTi s)" because (lr+s,7r,s) has been removed. Thus 



by Lemma 27 we have: 
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'^(V,7r)(^l, • • • , ^r+s) 

{V,7T)€VSNc(r,sy' 



{v,77)evsNc{r,s)" (u,a)evsNc{p,gy 

a~^TTfi sep.'s N 



/«(W,cr)(«l, • • • , flp+g) 



(w,(T)eP-Sjvc(p,g)' 

cr~^fp,q does not sep. A'' 

where in the last sum not separating means that no cycle of a'^'jp^g 
meets both A^^i and N2 but some cycle of cr~^7p^g contains more than 
one point of N. 
Hence 

K(V,7r)(0'l, . . . , Op+q) — ^ K(v,7r)(^l, • • • , ^r+s) 

{V,7r)eP-Sjvc(p,q)' (V,7r)e7'-Sjvc(r-,s)" 



^(W,(t)(«1, • • • , Qp+g) 

(W,a)eP5Arc(p,9)' 
a-~'-7p,qSep.'s Af 

This proves Equation □ 



4. First example - the square of a semi-circular operator 

Let {A, 0) be a unital *-algebra with (p : A ^ C a. state. A self- 
adjoint element x G ^ is called semi-circular if = and 
= for k = 1,2,3,... The element x is called semi- 
circular because the density of its spectral measure with respect to 
is 2^\/4 — x^. This density was shown by E. Wigner to be the limiting 
eigenvalue distribution of various ensembles of random matrices, in par- 
ticular on ensemble usually known as the Gaussian Unitary ensemble 
(cue). This ensemble can be described as follows. 

For each positive integer N let = ifi.j) be the complex N x N 
self- adjoint random matrix such that 

° fi,j ^ij ~l" 'n/ ^Uij ) 

o for i 7^ j, Xij and t/ij are real Gaussian random variables with 

mean and variance 1/(2 A^); 
o for each i, real Gaussian random variable with mean 

and variance 1/A^ 
o {xij}i<j U {yij}i<j is an independent set of random variables 
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Other descriptions exist, see for example Deift [HI §5.2] or Hiai and 
Petz [12, §4.1]. 

The theorem of Wigner asserts that the hmiting eigenvalue distribu- 
tion of Xtv has the semi-circular density given above. In particular the 
limiting moments (ak) are those of a semi-circular operator: a2k-i = 
and a2k = M'k) ^or k > 1. 

In [13] Johansson considered the asymptotic behaviour of the random 
variables {Tr {X^—aklN)}k for a class of ensembles containing the GUE. 
He showed that the random variables were asymptotically Gaussian and 
showed that the Chebyshev polynomials of the first kind diagonalized 
the covariance. 

In pi] Mingo and Nica showed that the limiting covariances ap^q = 
limArE(Tr(X^ — ap/A?) Tr(X^ — aqlN)), sometimes called the fluc- 
tuation moments, were positive integers which count the number of 
non-crossing pairings of a [p, g)-annulus. These are the elements of 
Snc{p, q) for which all cycles are of length 2. These diagrams or equiv- 
alent formulations had already been used in a variety of earlier papers: 
Tutte [57] and [28], Jones [E], and King where it was found that 



k>i ^ 2 / 



q—k 



pq 



2p + 2q 



p\ q 



(p + l)(g + 1) fp+1 



8p + 8q 
The first expression for a. 



p+i 

2 



q + l 

2+1 
2 



p and q are even 



p and q are odd 



ip^q can be seen by observing that every non- 
crossing pairing of a {p, g)-annulus with k through strings (i.e. strings 
that connect the two circles) can be obtained by connecting a non- 
crossing pairing of [p] with one block of size k and the others of size 
2, with a non-crossing partition of [q] with one block of size k and 
the others of size 2; and then invoking Kreweras [TSl Theoreme 2] and 
finally summing over k. 

It is natural then to define {ap^q)p^q to be the fluctuation moments of 
the semi-circular operator. 

Let A = C[x] be the polynomials in x. Define : ^ ^ C by 
(j){x^) = ak where {ak)k are the moments of the semi-circular operator. 



if p = 0, g = 0, or p+q is odd and (f)2{x^, x'^) = a. 



Define (p^ix^, x'^ 

(as defined in Equation (11)) if p + g is even. One then extends 
02 by linearity. Notice that the choice of 02 is independent of 0. 



and 
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Now {A, 0, 02) is a second order non-commutative probability space 
and we can consider the cumulants of x. It is a standard calculation to 
see that K„(a;, x, . . . ,x) is for all n 7^ 2 and k,2{x, x) = 1. In the case 
of second order cumulants, {np,q)p,q are all 0. We can see this directly 
from Equation (Isj) which states: 



(12) 02(x^x^)= Yl ^A^,---,^) 

7reS'jvc(p,'?) 

+ K(v,^)(a;, ...,x) 

(V,7r)6P5]vc(p,g)' 

Because x is semi-circular, /t^(a;, . . . , x) is unless vr is a pairing in 
which case Kn{x, . . . ,x) is 1. Thus the first term on the right hand side 



of (12) is ap^q. Since by definition the left hand side is also ap^q we have 
that2](v,^)eP5jvc{p,<?)' ^(v,7r)(2;, . . . , x) = for all p and q. Hence for p = 
q = I, Ki^i{x, . . . , x) = as there is only one term. Now Kp^q{x, . . . ,x) 
only appears once in the expression E(v,7r)G7'5ivc(p,g)' • • • '^)' 
all the other terms have a factor of Kr^s{x, . . . ,x) for either r < p and 
s < q or r < p and s < q. Thus by induction Kp,q{x, . . . , x) = for all 
p and q. 

Now let a = x^. We shall use Theorem [s] to show that the second 
order cumulants Kp^q = K,p^q{a, . . . ,a) have the generating function 

zw 



C{Z,W) = V Kp^qZ^w'^ 

^ {1- z- wy 

p,q>l 



and thus 



'p + q- 

p 

First let us recall the first order cumulants of a. Let iV = {2, 4, 6, . . . , 2n}. 
By Equation (|4]) and Theorem 15 



Unifli ■ ■ ■ , Cl) — Kn{x , . . . , X ) — ^ ^ f^wi^y . . . , x) 

■7T&NC{2n) 
''^~^72n sep.'s N 

Now as noted above fi;^(x, . . . ,x) = unless tt is a pairing. Let tt 
be a pairing such that 7r~^72„ separates the points of N. Since vr is 
non-crossing 2 is connected to 2A; + 1 for some k. Then 2 and 2k are 
in the same cycle of 7r~^72„ unless k = 1, i.e. 2 is connected to 3. In 
general we must have that 2k is connected to 2/c -|- 1 for 1 < /c < n and 
2n is connected to 1. Thus there is only one pairing such that 7r~^72„ 
separates the points of A^. The contribution of this pairing is 1. Hence 
fi;„(a, . . . , a) = 1 for all n. 
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1 D 




Figure 13. An example of a pairing tt of the (8, 4)-annulus 
such that 7r~^78,4 separates the points of {2,4,6,8, 10}. To 
construct such a pairing we choose p — k dots on one circle 
and q — k dots on the other circle and cover these with a 
pairing (dots 2 and 6 covered with the shading above) . All 
remaining points are connected with through strings. In this 
example there are only two ways to make the connections: 1 is 
connected to either 9 or 11; this choice forces all the others. 



Now let us find the second order cumulants of a. Fix p and q and let 
7V = {2,4,6,...,2p + 2g}. 



(V,7r)ePcSivc(2p,2q)' 
7r~i72p,2g sep.'s N 

..,x) 



because, as we have shown, all the second order cumulants of x are 
0. Moreover as noted above Ktj-{x , . . . , x) — except for tt a pairing 
in which case we get 1. Thus Kp^q{a, .... a) is the cardinality of {tt G 
Snc{'2p, 2q') I tt is a pairing and 7T~^j2p,2q separates the points of A^}. 

Proposition 30. K.p,q{a, . . . , a) = ^ k 

k>l 



l^p,g\^j ■ ■ ■ , a) ^p,q\X ) • • • 

■iTeSNc{2p,2q) 
7r~i72p,2(j sep.'s N 

■iTeSNc{2p,2q) 
7r~i72p,2q sep.'s N 
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Proof. We shall show that the number of non-crossing pairings tt of 
a (2p, 2g')-annulus with k pairs of through strings such that 'K~^^2p,2q 
separates the points of A?" = {2, 4, 6, . . . , 2p + 2q} is k(^) (^) . Summing 
over k establishes our claim. 

Let TT be a non-crossing pairing tt of a (2p, 2g)-annulus with k pairs 
of through strings such that Tr~^'j2p,2q separates the points of N. By 
the same argument as in the disc case the only possible pairs of tt 
which are not through strings are of the form (2t,2t -|- 1). There are 
it) ~ i'p^h) ^^y^ ^'^ place these p — k pairs of adjacent elements on [2p\ 
and (^) = ( ways of placing these q — k pairs of adjacent elements 
on [2p -|- 1, 2p -|- 2q]. In principle there are 2k ways of connecting the 
2k through strings but half of these put two elements of N in the same 
cycle of 7r~^^2p,2q, so in practice there are only k ways of connecting the 
through strings. Thus the number of pairings is indeed k(^(J^. See 
Figure XX. 

□ 



Theorem 31. 



p,q>l ^ ' p,q>l \ / 



Proof. 



k [k 



p,q>l P,9>1 k>l ^ 



k>l p>l ^ ^ q>l ^ ^ k>l 

k—1 

ZW X — ^ , / ZW 



^ \{l-z){l-w)J 



[(1 - z){l - w)]^ \{l-z)(l-w), 

zw 1 zw 



[(1 -Z){1- W)]^ (1 - (XZ^)^ (1 - ^ - ^) 
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Continuing we have 



c,p>l 

= E(^+^-i)(';!;')--'-'{f+T4 

p,q>l \ f / (. 

p,q>l \ f / 

□ 

Let us next outline a method for estabhshing the same result that 
uses the second order /^-transform in Equation ([T]) or the equivalent 
formulation given in [71 Equation (52)]. Let C{z,w) = 1 + zwR{z,w), 
and M{z) = X]fc>o be the moment generating function of a, and 

M{z,w) = J2pq>i 4>2{0'^, a'^)zPw'^ be the fluctuation moment generating 
function of a. Then Equation ([T]) becomes 

C{zM{z),wM{w)) = {M{z,w)+ \ y 



{1 - z - wy 



k>l k>l p=0 



k,p>l 



P 



{z~w)y £{zM{z))£iwMiw)) 
zM{z)wM{w) 



^^^^ {zM{z) -wM{w)y 

We must find the fluctuation moment generating function F[z, w) of 
the semi-circular operator. Let 

F{z) = J2<P{x')= ^~^l;^'' and 

fe>0 

^ z^(zF(z))w^(wF(w)) 

(1 - zF[z)wF[w)y 



zw(zF{z) — wF{w)) 



2 



{z - wy{l - ^2F(^)2)(l - w^F{wy) 

Where we obtain the second last expression for F{z, w) by using the 
first expression for in Equation (11), then Lambert's identity [111 
equation 5.21], and finally summing over k, and the last expression is 
obtained from the quadratic equation satisfied by F. 
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Now 

M{z^) = F{z) and M(;z^ w'^) = ^{F{z, w) + F{-z, w)) 

Thus 

M(, nj) = 2zwM{zrM{wr 

^ ' ^ {2 - M{z)){2 - M{w)){l - zM{zywM{wyy 

If we make the substitution u = zM{z) and v = wM{w) then we have 

1 d \ 

M{z) = , z = u-u\ -^{zM{z)) = — , and 

I — u az 1 — 2u 

2uv{l - u){l - v) 



{\ - 2u){\ - 2v){\ - u - vf 
Thus 

zw uv{\~u){\-v){\-2u-2v ^2v? ^2v'^) 



M{z,w) + 



(z-w)^ {l-2u){l-2v){u-vy{l-u-v) 



After some routine manipulations it follows from ( 13 ) and the equation 
above that 

1 — M — 1> r 



5. Second Example - a Haar Unitary 

Let {A, 4>) be a non-commutative probability space and u E A a. 
unitary. Recall (see e.g. [2H Lecture 10]) that m is a Haar unitary if 
4>{u'') = for k ^ 0. In |2l] it is shown that for ei, 62, . . . , e„ G {-1, 1} 
then Kn{u''^ , u"^ , . . . ,u''") = unless n is even and ei + €2 = €2 + £3 = 
■ ■ • = en-i + ^n = 0; i.e. all the free cumulants of {u, u*} are except for 
the alternating ones: Kn{u,u* , . . . ,u,u*) = Kn{u* ,u, . . . ,u* ,u) which 
equal /x(0„, 1„) = (— l)"'~^c„_i where /x is the Mobius function of the 
lattice NC{n) and is the n*'^ Catalan number. We wish here to 
indicate the corresponding result for the second order cumulants of u 
and u* . The proofs will be given in a another paper. 

We first have to decide how to define the fluctuation moments of a 
Haar unitary. In Theorem 2], Diaconis and Shahshahani showed 
that if [/at is an X Haar distributed random unitary then 

E(Tr(?7J^) Tr(t//')) = |A;| for A^ > 2 



We shall use these fluctuation moments to deflne our second order Haar 
unitary. 
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Definition 32. Let {A,(f),(f)2) be a second order probability space and 
u E A a unitary. We say that m is a second order Haar unitary if 
(j){u^) = for /c 7^ (i.e. m is a Haar unitary) and for all integers k, 
02(m'=,mO = Sk,-i\k\. 

Proposition 33. Let p and q be positive integers and u a second order 
Haar unitary. Lei ei, 62, 63, . . . , Cp+g G { — 1, 1}. Then Kp g{u''^ ,u^'^ , . . . , 
^e„_i^^e„-j = unless p and q are even and 

(14) ei + £2 = ■ ■ ■ = ep_i + ep = Cp+i + ep+2 = ■ ■ ■ = ep+g_i + Cp+g = 
i.e. the e 's alternate in sign except possibly between p and p + 1. 

As noted above, in the first order case the alternating cumulants of 
u and u* were given by the Mobius function fi of the lattice NC{n), 
i.e. 

K2n{u, U*,.. .,U,U*) = K2n{u*, U,...,U*,u)= /i(0„, 1„) 

We shall state an analogous result for the second order case. Re- 
call from [7', §5.4] that the second order Mobius function is defined as 
the multiplicative function which is the convolution inverse of the zeta 
function on the set of partitioned permutations. It was shown [7', Theo- 
rem 5.24] that /i(l„,7„) = (-l)""^c„„i and /i(lp+g, 7p,g) = {-ly+'^Cp^q 
where Cp^g is the cardinality of Sj\fc{p,q)- Moreover it was shown [3 
page 46] that the the Mobius function satisfies the following recurrence 
relation 

= /X(lp+g,7p,g) + g/i(lp+g,7p+g) 

+ ^ (/^(lfc+g,7/=,5)/^(lp-fc'7p-fc) +/i(lfc,7fc)/^(Vfc+<?>7p-fc,g)) 
l<A;<p 

The alternating cumulants of u and u* satisfy the same recurrence 
relation. 

Theorem 34. Letp = 2m and q = 2n be even integers and ei, . . . , ep+g G 
{-1, 1} satisfy Q. Then Kp^g{u'\ u'''+'') = (-l)"^+'^c. 



-"m,n ■ 



6. CONCLUDING REMARKS - A PARTIAL ORDER ON VSnc{P,Q) 



In §2 we proved two lemmas (19 and 20) that show that if vr is 



a sub-partition of the Kreweras complement a 'jp,q of a, then a is 
a sub-partition of the Kreweras complement 7p,gvr~^ of vr, provided we 



take the complement on the other side. In Lemma 20 this order was ex- 
pressed terms of multiplication of partitioned permutations. The mul- 
tiplication of partitioned permutations can be used to make VS nc{p, i) 
into a partially ordered set. This order is an extension of the one given 
in Definition [TTI 
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Definition 35. If (V, vr), (W, a) G VSnc{p,<i) we say that (V,7r) < 
{U, a) if there is W such that (V, vr) • (W, tt" V) = {U, a). 

Proposition 36. Let (V,7r), (U,(r) G VSnc{pa) o.^'^d suppose there is 
W such that (V, vr) ■ {W,n-^a) = [u,a). Then 
i) W = O^-ig- and 

li) U = Vy TT^V = VV7rV(T = VV an-^; 
Hi) (0,^^-1, CTTT"^) ■ (V,7r) = {U,a). 

Proof. Recall that for (V, vr) G VSjsicipA) either vr G Smc{PiQ) and 
V = or TT G NC{p) X NC{q) and all the blocks of V contain just one 
cycle of TT except one block of V which contains two cycles of vr - one 
from each circle; thus in this case |V| = |7r| + 1. Hence in the former 
case |(V,7r)| = |7r| and in the latter case |(V, vr) = |7r| +2. 

Thus |(V, 7r)| = |7r| + 5 where 5 = or 2. By assumption |(V,7r)| + 
|(>V,7r-V)| = |(W,c7)|. IfaG 5^c(p,g)thenW = 0, and|(W,a)| = \a\. 
Thus 

|vr| +5 + |(W, 7r~V)| = |cr| < |7r| + |7r"V| 

Therefore 5 = and |(W, 7r"V)| = |7r"V| and so W = O^-i^. 

Suppose that a G NC{p) x NC{q) then |W| = |o-| + 1 and cr)| = 
|cr| + 2. If TT G NC{p) X NC{q) then |(V,7r)| = |7r| + 2 and again we 
can use the triangle inequality 

|7r| + 2+ |(W,7r"V)| = |(t| + 2 < |7r| + 2 + |7r"V| 

to conclude that W = O^-ig-. When tt G S^cipA) we have to appeal 
to [H Proposition 5.11] and for this we need a little preparation. 

Let the cycles of a be ci, C2, Ck+i and the blocks of U be 
{f/i, . . . , Uk} with Ui = Ci as sets for 1 < i < k and Uk = CkU Ck+i also 
as sets. Then we can write vr = vri 7r2 ■ ■ ■ VTfc when vr is the product of 
the cycles of vr contained in Ui. We can also decompose V and W into 
Vi, V2, . . . , Vfc and W into Wi, W2, . . . , Wfc along the blocks of U. By 
the triangle inequality we have that 




\iUi,Ci)\ < |(V„7r,)| + \{Wi,nr^Ci)\ ioi 1 < i< k and 
\{Uk,CkCk+i)\ < |(Vfe,7rfe)| + |(Wfc,7r^^CfeCfc+i)| 



Directly from the definition of | ■ | we obtain that 
|(V,7r)| = |(Vi,7ri)| + --- + |(V,,7r,)| 
|( W, a) I = I ( Wi, vrr^ci) I + ■ ■ ■ + I ( Wfe, 7r^'ckCk+i)\ 

and 

|(W,(t)| = \ {Ui,ci)\ + --- + \{Uk,CkCk+i)\ 
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Hence 

|(Vi,7ri)| + ... + |(Vfc,7rfc)| + |(>Vi,7rr^Ci)| + --- 

+ |(Wfc,7r^^CfcCA:+l)| = |(Wi,Ci)| H h \ (Uk,CkCk+l)\ 

If there were a strict inequality in any of the inequahties ( [l5) ) then we 
would have strict inequality in the equality above. Since we don't, all 
the inequalities in (15) must be equalities. Hence 

\{Ui,Ci)\ = |(V„7ri)| + \(Wi,n;^c,)\ for 1 < « < A; and 

\{Uk,CkCk+i)\ = |(Vfc,7rfc)| + |(Wfc,7r^^CfcCfc+i)| 
Thus for each i < k, Wi = -i and tTj is a non-crossing partition of q. 

The last equality shows that {Vk,iTk) ■ (Wk,Tc^^CkCk+i) = {Uk,CkCk+i). 
By [71 Proposition 5.11] we have that Wk = O^-i^^c^^^ and thus W = 
Moreover {Vk,iTk) is in VSNc{ck,Ck+i). This proves (z). 
Since tt and a are permutations the orbits of the subgroups generated 
by {tt, a}, {tt, tt~^(x}, and {vr, crvr"^} are all the same. Thus as partitions 

TT V O" = TT V TT^^O" = TT V 0"7r~^. SluCC TT < V We haVe W = V V TT^^O" = 

VVttVo" = VVttV avr^-'^ = V V an^^. This proves (m) and (m) follows 
from (m). □ 

Remark 37. Associativity of multiplication of partitioned permutations 
([71 Proposition 4.10]) shows that the partial order is transitive. Indeed, 
suppose (V, tt), (W, a), (W, r) G VSnc{p-,(1) and that (V, tt) < (W, a) 
and {U,a) < (W,r). Then 

(V,7r) ■ (0,^1,, TT-V) = and (W, a) ■ (O^-i^a-V) = (W, r) 

Then 

(V, vr) • (0^-1. V 0.-i„ TT- V) = (W, r) 
and incidentally from Proposition 36 that as partitions vr^^cr V a^^r = 

Corollary 38. Let (V, tt), (W, a) G VSNc{p^q)- Then (V, vr) < (W, a) 

if and only if 

V < U; 

a) if (J E Snc{p,<i) then tt G Snc^ViI) ^^^'^ everi/ c?/c/e o/ vr is 
contained in a cycle of a and for each cycle of a the enclosed 
cycles of form a non-crossing permutation of this cycle of a; 
Hi) cr G NC{p) X NC{q) then every cycle of tt is contained in 
either a cycle of a or the union of the two cycles of a con- 
nected by lA; and for every cycle of a or the union of the two 
cycles joined hylA the enclosed cycles of n form a non-crossing 
permutation of this cycle or union of two cycles. 
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Remark 39. In [H Notation 5.11] a partitioned permutation (V, vr) with 
V = was called a disc permutation and one where |V| = |7r| + 1 a 
tunnel permutation. With our order on VSnc{p, <?) "we see that we can 
have: (z) disc < disc, (ii) disc < tunnel; and (m) tunnel < tunnel; but 
tunnel ^ disc. 

Remark 40. With this order, VSnc{pa) becomes a partially ordered 
set and the Mobius function of the poset VSnc{pa) has a simple 
relation to the Mobius function introduced in [71 §5.4 ] and used in §5. 
We will address this relation in a forthcoming paper. 
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